In this study, we constructed a minimal model to clarify the role of the animal body and motor neurons in the generation of synchronized periodic motions. The novel contribution of this study is the analysis of the phenomenon of adaptive muscle synchronization that occurs only by inter-muscular interaction through the body dynamics. The proposed model is based on the primitive local feedback in animal muscles, which is called the stretch reflex. We conducted theoretical analysis and simulations using a single muscle model and its combinations (an antagonistic muscle pair and a limb model). The results of the theoretical analysis revealed the necessary and sufficient condition for limit cycle generation with resonance frequencies. Without any explicit neural connection between the muscle modules, the proposed simple model suggests that musculoskeletal systems can automatically generate resonant oscillation. Moreover, the resonance behavior is adaptive to changes in the body parameters of these systems.
Introduction
The motion of animals, and locomotive motion in particular, is mostly rhythmic. Numerous studies have explained how animals generate synchronized periodic motions, automatically, robustly, and adaptively [1, 2] . A key advancement in this field was made by the proposal of neural circuit models called central pattern generators (CPGs) [3, 4] . This proposal is based on the hypothesis of the animal nerve system involving an intrinsic rhythm oscillator. Moreover, the importance of sensory feedback is also supported by the results obtained in experimental [5] and simulation [6] studies. However, little attention has been paid to the origins of information and the method of obtaining it. Sensory information, which typically includes mechanical perception such as pressure or stress, is an outcome of physical interaction between the body and the environment. In this paper, we focus on the relationship between the physical body dynamics and the neural circuit (motor neurons), and attempt to clarify the individual contribution to the generation of synchronized periodic motion.
The function of the neural part in motion generation has often been discussed in biological and robotics literature. The results obtained by studies on the decerebrate cat [7] revealed that the neural reflex circuits are able to adapt muscle activity to variable load [8] and stabilize the gait pattern during walking [6] . In terms of stability, this reflex also contributes to human locomotions [9] during standing [10] , walking [11] , and hopping [12] [13] [14] . The functions of the CPG have been discussed with regard to more complex neural circuits in animals [15, 16] . Although experimental studies have demonstrated that the CPG can produce rhythmic patterns without sensory input [17] , in addition to synchronizing with sensory input [18] , it is unclear how animals produce motor commands that fit each body. With regard to recent robotic models, a study [19] has proposed a CPG model that can adaptively generate animal gaits without an interlimb neural connection. The obtained results suggest that the interlimb physical interaction, rather than the interlimb neural circuit, plays an important role in producing various motor commands that fit the body dynamics.
In the field of robotics, the functions of body dynamics that generate synchronized periodic motions have also been discussed and gradually clarified. The results of an experiment [20] inspired by a study on the efficiency of horse gait [21] suggest a conformity between the gaits of actual horses and the resonance modes of a horse model. The results obtained by studies on passive dynamic walkers [22, 23] have revealed that the leg dynamics of a robot play an important part in motion stability. As a recent advance in this field, we have developed legged robots [24, 25] that generate synchronized motion patterns by exploiting inter-actuator interaction through the body dynamics. Each limb of these robots is composed of a low-torque actuator and simple linkage mechanism that generates the foot trajectory. When a ground reaction force is applied to the actuator through the linkage, the actuator slows down its own phases, which enables a gait transition of animals without any sensors or controllers. The results obtained by analyzing fundamental examples [26] have revealed that this approach, which is based on inter-actuator interaction, generates motions in resonance modes automatically and adaptively. Based on these developments, the objective of this study was to verify the following hypothesis: the source of motor ability for animals is not only in the neural connection but also in physical inter-actuator interaction. To clarify the contribution of the physical inter-actuator interaction in animals, we adopted a drastic simplification to construct a model for the generation of synchronized periodic motions.
This article proposes a simple model as a simple configuration of the motor control system in animals. This model is based on a primitive local feedback in animals, which is called the stretch reflex. Each model is composed of one muscle and one motor neuron and is electrically isolated from the other models. Although many existing studies have focused on the reflex pathway [27] [28] [29] , the most remarkable point of this model is the absence of inter-muscular neural connection (Fig. 1) . A synchronization phenomenon without any explicit neural connection between the muscles was discovered in our previous study [30] . The novel contribution of the present study is the detailed analysis of this phenomenon. The proposed simple model shows that musculoskeletal systems can automatically generate resonant oscillation without any explicit neural connection between the muscles. Moreover, the resonance behavior is adaptive to changes in the body parameters of these systems.
In Section 1, we present the formulation of the proposed model, which is based on the stretch reflex in animals, and a fundamental step response is demonstrated. Next, to investigate the characteristics of the proposed model, we conducted theoretical analysis and simulations. In Sections 2 and 3, we present the theoretical analysis and simulation results for a single muscle model and an antagonistic muscle pair. Additionally, the simulation results that are presented in Section 4 demonstrate a limb model with multiple muscles.
Single muscle model

Overview of single muscle model
In this section, we present the formulation of a simple model as a simple configuration of the motor control system in animals. For more details regarding the modeling and biological background, see the Appendix. Figure 2 shows an overview of the proposed model, which is composed of two parts: the muscle mechanics and nerve dynamics. The muscle mechanics are expressed by a simplified motion equation of muscle displacement (expansion and contraction). The nerve dynamics describe the reflex Fig. 1 . Proposed concept as a simple example of a motor control system in animals. Each model is based on the stretch reflex system in animals and composed of a muscle mechanism and nerve dynamics. Although each model is electrically isolated from each other, the models synchronize themselves only via inter-muscular interaction through the body dynamics. phenomenon through a motor neuron, which senses and reacts to the displacement of the muscle.
The proposed model is expressed as follows:
where Eqs. (1), (2) expresses the muscle mechanics and nerve dynamics. States x and r represent the muscle displacement and nerve activity, respectively; k 1 and c denote the viscoelastic constants of the muscle mechanics, and k 2 is the spring constant of the muscle spindle, which is an organ in the animal muscle corresponding to a sensor; τ is the time constant; ε 1 and ε γ are the control and sensor gains, respectively. The sensor gain ε γ is the sensitivity of the muscle spindle, which is adjusted by the upper central [31] . As will be discussed below, we can control the limit cycle generation by adjusting the sensor gain ε γ . The saturation function with parameter a is represented by h( * ), as follows:
Step response of single muscle
First, we demonstrate the step response of the single muscle model in Fig. 2 . In this simulation, we chose the parameters, gains, and initial states as follows:
Note that the sensory gain ε γ was chosen such that it satisfies the stability criteria, whose derivation will be described in the next section. Figure 3 shows the time response of the muscle force when we applied a stepwise disturbance force of 0.5 N to the mass. The top figure shows the stepwise disturbance force, the middle figure shows the muscle displacements with and without the stretch reflex feedback (red and blue), and the bottom figure shows the corresponding muscle force with the feedback. In the figure, it can be seen that the The top figure shows the stepwise disturbance force, the middle figure shows the muscle displacements with and without the stretch reflex feedback (red and blue), and the bottom figure shows the corresponding actuation force ε 1 r(t) of the muscle with the feedback. generated actuation force ε 1 r(t) cancels the displacement caused by the disturbance force. This result suggests that the model reproduces the qualitative reaction of the stretch reflex in animals.
This simulation with a small sensory gain ε γ just confirms a well-known reflex reaction in animals. However, we are interested in the source of the synchronized periodic motion generation.
In the following sections, we present the characteristics of the proposed model from the viewpoint of synchronized periodic motion generation. Figure 4 shows a block diagram of the muscle mechanics and nerve dynamics (1), (2), where G m denotes the muscle mechanics (1) and nerve dynamics (2) consisting of two sub-models: a receptor and a motor neuron; G r1 and G r2 denote the linear and non-linear part of the receptor; G α denotes the motor neuron. The transfer functions of each linear part G r1 , G α , G m are expressed as follows:
Stability analysis of single muscle
Thus, we obtain the open loop transfer function of the linear part between I a and I a , as follows:
The following theorem expresses a stability condition for the proposed model.
Theorem 1. Let us consider the system (1), (2). If and only if the physical constants
, and the parameters τ , ε 1 , ε γ satisfy the following condition:
then, the equilibrium is asymptotically stable. Therefore, if the parameters satisfy the following condition:
then, a steady limit cycle is generated, and its frequency is calculated as follows:
Proof. In this proof, we employ the describing function method. When we input a sine wave with an amplitude A in the saturation block G r2 , the describing function N (A) of the saturation can be expressed as follows:
where a is the parameter of the saturation function h( * ). The amplitude locus of the saturation is illustrated in Fig. 5 as a half line on the real axis starting from point 1/N (A) = 1.
When we replace the non-linear part G r2 with N (A) in Fig. 4 , we obtain the following condition from the characteristic equation 
if and only if the parameters satisfy the following condition:
then, the equilibrium is asymptotically stable. Moreover, if the parameters satisfy the following condition: Theorem 1 states that the proposed model can generate a steady limit cycle with a large ε γ , and that the frequency of the limit cycle is maintained around the resonance frequency of the physical muscle. This result suggests that the control strategy based on the stretch reflex is effective in generating large amplitude motion with a steady frequency.
Periodic motion generation of single muscle
We conducted a simulation to confirm the ability of generating the steady limit cycle in the single muscle model by adjusting the sensor gain ε γ . The parameters and gains of each muscle were the same as those in the previous simulation, except for ε γ . We chose the sensory gain of ε γ = 1, 3, 10, and the initial states are as follows:
(16) Figure 6 shows the time response during ε γ = 1, 3, 10. The top figures show the muscle displacement, and the bottom figures show the actuation force that is proportional to the nerve activity. As can be seen in the figures, the solution converged to the origin at ε γ = 1, and a limit cycle was generated at ε γ = 3, 10. This result is in good agreement with Theorem 1, and we can observe a bifurcation in Fig. 5 because the Nyquist locus and the amplitude locus intersect at ε γ ≥ 3. Moreover, by focusing on the case at ε γ = 10, when the muscle receives a large force from the mass, the nerve maintains a large activation and converts kinetic energy to elastic energy. In contrast, when the muscle force begins to decrease, the sign of the actuation force is quickly inverted and the muscle converts elastic energy to kinetic energy. 
Antagonistic muscle model
Stability analysis of antagonistic muscles
Our aim in this study is to clarify the contribution of the physical inter-muscular interaction through the body dynamics. To analyze the fundamental physical interaction of muscles, in this section, we introduce an antagonistic muscle pair. Figure 7 shows the antagonistic muscle model. This model is composed of a flexor muscle, an extensor muscle, and a pendulum model connecting each muscle. The muscles actuate the rotary joint of the pendulum model through a pulley that is fixed onto the wall. As mentioned in the introduction, none of the muscles have inter-muscular neural interaction (two models are electrically isolated from each other). This model represents the case wherein the inhibitory inter-neurons between the flexor and extensor muscles are disconnected.
The mechanics of the antagonistic muscle are expressed as follows:
wherem = 2I/d is a constant determined by the limb inertia I = ml 2 /4 and the pulley diameter d; k 1,F , k 1,E and c F , c E are the viscoelastic constants of each muscle. We defined the muscle displacements as the state of x(t) = x F (t) = −x E (t) under the assumption of x F (t) = −x E (t). Additionally, we assumed no slacking for the muscles. Here, x F and x E correspond to the displacements of the flexor and extensor muscles.
The nerve dynamics of the flexor and extensor muscles are expressed as follows: 
where k 2,F , k 2,E is the spring constant of the muscle spindles (sensors) in the flexor and extensor muscles 1 .
The following theorem states that the antagonistic muscle pair generates a steady limit cycle. (17) , (18) , and assume that 
Theorem 2. Let us consider the system
then, a steady limit cycle is generated and its frequency is calculated as follows:
Proof. (17), (18) is rewritten as follows:mẍ
Similar to (6) , the transfer functions of each linear part G r1 , G α , G m are expressed as follows: 
Therefore, the result is proven in the same manner as Theorem 1.
Next, we prove the nerve synchronization of the antagonistic muscle pair. (17), (18) , and assume that k 2 = k 2,F = k 2,E . The activities of the antagonistic muscle pair synchronize and satisfy the following condition:
Theorem 3. Let us consider the system
Proof. We analyze the behavior of the sum of activities forr = r F + r E . From Eq. (18) , the sum of two nerve dynamics is expressed as follows:
τṙ(t) = −r(t). (27)
This system is clearly exponentially stable, and the sum of activitiesr = r F + r E converges to the origin.
Theorems 2 and 3 state that the antagonistic muscle pair cannot only generate a steady limit cycle in a resonance frequency, but can also synchronize individually into an anti-phase mode, wherein each muscle shrinks alternately without losses by cancelling the actuation force. Moreover, this synchronization is achieved independently of the form of function h( * ) and the body properties. In other words, even if the muscles have asymmetries or errors, the antagonistic muscle pair can generate large amplitude motion. 
Synchronized periodic motion generation of antagonistic muscle pair
Next, we present the simulation result obtained by the generation of synchronized periodic motions using the antagonistic muscle model without inter-muscular interaction. In this simulation, we do not consider gravity, and choose the parameters, gains, and initial states as follows:
Additionally, we choose the sensory gain in ε γ = 1, 5, 10. Figure 8 shows the time response during ε γ = 1, 5, 10. The top figures show the muscle displacement, and the bottom figures show the actuation force that is proportional to the nerve activity. In the figures, the solution converged to the origin at ε γ = 1, and a limit cycle was generated at ε γ = 5, 10. These results are in agreement with the Theorems 2 and 3 because the limit cycle exists if ε γ ≥ 5, and the actuation forces proportional to nerve activity converge to r F (t) = −r E (t).
Limb model with multiple muscles
Finally, we present the simulation results with regard to generating synchronized periodic motions using the limb model with multiple muscles. Figure 9 shows the simulation setting with the limb and multiple muscles. This model consists of two flexor muscles, two extensor muscles, and two link limbs. The muscles actuate the rotary joints of the limb model through pulleys that are fixed onto the wall and lower limb. The limb model is expressed as follows:
and each element is expressed as follows: where 
where all of the muscle viscoelasticity values are identical. Figure 10 presents the simulation results with different mass parametersm ∈ (0, 0.6]. The color of the sphere denotes the phase difference of the converged solution of the two joint angles. The blue sphere denotes that the two joints converged to a solution in an in-phase manner, while the red sphere denotes that the joints converged to a solution in an anti-phase manner. In these figures, it can be seen that the phase differences of the converged solution change as the mass parameterm increases. The transition took place at approximatelym = 0.3, and each solution converged to the resonance modes as shown in the top figures. From Eq. (21) in Theorem 2, it is understood that the frequencies of the generated motions decrease as the body mass increases. Although the settings of the simulation described in this section were slightly different to those in Theorem 2, a similar tendency still existed. Therefore, as the mass parameterm increased, the transition from the 2nd mode to the 1st mode (higher to lower resonance frequency) occurred. The notable point of this result is that the muscle models synchronized themselves and achieved an adaptive motion transition only by inter-muscular interaction through the body dynamics. This advantage contributed to the large amplitude motion at the resonance modes and increased the stride length for animals, in addition to simplifying the controller design in our engineering approach. In other words, when we design a system with this controller, there is no need to consider a detailed model of whole body dynamics. These results suggests that a simple and local reflex strategy in animals contributes to motion pattern generation by exploiting inter-muscular interaction through the physical body dynamics. 
Conclusion
In this study, we developed a simple model of the stretch reflex to clarify the role of the animal body and motor neurons in the generation of synchronized periodic motions. The formulation was derived based on a biological background, and a fundamental step response was demonstrated. To investigate the characteristics of the proposed model, we conducted theoretical analysis and simulations. The results of the theoretical analysis revealed the necessary and sufficient conditions for limit cycle generation with resonance frequencies, and the antagonistic muscle pair synchronized individually only by inter-muscular interaction through the body dynamics. In the simulations, the theoretical conditions were confirmed using fundamental models. Additionally, a simulation with a complex limb model with multiple muscles was conducted. Moreover, multiple muscles also synchronized themselves and achieved a motion transition that was adaptive to changes in the body mass parameters. The results suggest that the simple and local reflex strategy in animals contributes to motion pattern generation by exploiting inter-muscular interaction through the physical body dynamics.
Considering that the sensory part is modeled as an elastic element [34] , we obtain the activity of the I a fibers as follows:
I a (t) = h I a (t) = h ε γ k 2 x(t) , (A-5) where x and k 2 denote the muscle displacement and spring constant of the sensory part, respectively. For simplicity, we assume that the muscle displacement x is same as that of the entire muscle. We added the saturation h of the receptor defined by (3) , and ε γ is the sensitivity of the muscle spindle adjusted by the upper central through the γ motor neuron. A previous study [35] has reported the phenomenon of periodic motion generation that occurs by applying a continuous (non-periodic) electrical stimulation. This phenomenon is similar to the limit cycle generation in the abovementioned simulations, wherein it occurs by adjusting the sensor gain ε γ .
A.2 Nerve dynamics
Neurons have the characteristic of outputting a spike when the membrane potential reaches a certain threshold, and thereafter the potential begins to fade. A popular neuron model [36] describes the dynamics of nerve activity r for the α motor neuron and is expressed by the following differential equation: τṙ(t) = −r(t) + σ(t), (A-6) where the parameter σ denotes the sum of the input signals applied to the α motor neuron. Additionally, we considered σ as the fiber activity (σ = I a ).
A.3 Muscle mechanics
The end effector (actuator) in the muscles is driven by receiving signals from the α motor neuron. Although Hogan [37] has proposed a bilinear model for the relationship between the activity of the α motor neuron r and the muscle actuation force f a , we assume that these have a proportional relationship as follows: f a (t) = ε 1 r(t), (A-7)
where ε 1 is the control gain. The physical mechanics of the muscles are non-linear and frequently modeled using the Hill type model [38] . In this study, for simplicity, we employed a second-order model [39] and considered the muscle property as a linear viscoelastic element with body inertia 2 .
mẍ(t) = −k 1 x(t) − cẋ(t) − f a (t). (A-8)
Using the abovementioned approach, we obtain the entire model (1), (2) by summarizing the element models (A-1)-(A-4).
